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a b s t r a c t
In this study, we investigate positive integer solutions of the Diophantine equations x2 −
kxy∓y2∓x = 0 and x2−kxy−y2∓y = 0. It is shown thatwhen k > 3, x2−kxy+y2+x = 0
has no positive integer solutions but the equation x2 − kxy + y2 − x = 0 has positive
integer solutions. Moreover, it is shown that the equations x2 − kxy − y2 ∓ x = 0 and
x2 − kxy− y2 ∓ y = 0 have positive solutions when k ≥ 1.
© 2010 Elsevier Ltd. All rights reserved.
1. Introduction
In [1], the authors dealt with the equation
x2 − kxy+ y2 + x = 0 (1.1)
and they showed that Eq. (1.1) has no positive integer solutions x and y when k > 3 but Eq. (1.1) has an infinite number
of positive integer solutions x and y when k = 3. When k = 3, they gave a process giving an infinite set of positive
solutions of Eq. (1.1). Moreover, they guess that when k = 3, all the positive integer solutions of Eq. (1.1) are of the form
(x, y) = (F 22n−1, F2n−1F2n−3) or (x, y) = (F 22n−1, F2n−1F2n+1)where Fn is the nth Fibonacci number.
In this study, we consider the equations
x2 − kxy+ y2 ∓ x = 0, (1.2)
x2 − kxy− y2 ∓ x = 0, (1.3)
and other similar equations. Firstly, we will find all positive integer solutions of the equation
x2 − 3xy+ y2 ∓ x = 0.
Then we will find all positive integer solutions of the equations
x2 − xy− y2 ∓ 5x = 0 (1.4)
and
x2 − 3xy+ y2 ∓ 5x = 0. (1.5)
Moreover, we will find all positive integer solutions of the equations
x2 − xy− y2 ∓ x = 0
and
x2 − xy− y2 ∓ y = 0.
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Lastly, when k > 3, we will show that Eq. (1.1) has no positive integer solutions but the equation x2 − kxy+ y2 − x = 0
has positive integer solutions. Moreover, we will show that the equations x2 − kxy− y2 ∓ x = 0 and x2 − kxy− y2 ∓ y = 0
have positive solutions when k ≥ 1.
Solutions of some of the above equations are related to the Fibonacci numbers. Now we briefly mention the Fibonacci
sequence {Fn}. The Fibonacci sequence {Fn} is defined by F0 = 0, F1 = F2 = 1 and Fn = Fn−1+ Fn−2 for n ≥ 3. Fn is called the
nth Fibonacci number. Fibonacci numbers for negative subscripts are defined as F−n = (−1)nFn for n ≥ 1. It is well known
that Fn+1 = Fn + Fn−1 for every n ∈ Z. For more information about Fibonacci sequence one can consult [2,3]. Let α and β
denote the roots of the equation x2− x− 1 = 0. Then α =

1+√5

/2 and β = (1−√5)/2. It can be seen that αβ = −1
and α + β = 1. Moreover it is well known and easy to show that
αn = αFn + Fn−1 (1.6)
and
βn = βFn + Fn−1
for every n ∈ Z. On the other hand, it can be shown by induction that
F 2n − FnFn−1 − F 2n−1 = (−1)n+1 (1.7)
for every n ∈ Z. Now we give a theorem from [4], which is related to the set of the units of the ring Z[α] where
Z[α] = {aα + b : a, b ∈ Z}.
Theorem 1.1. The set of the units of Z[α] is {∓αn : n ∈ Z}.
Using the above theorem and identity (1.7), we can give the following theorem. The proof of the theorem can be found
in [3] but for the sake of completeness, we will give its proof in a different way.
Theorem 1.2. All positive integer solutions of the equation x2 − xy− y2 = ∓1 are given by (x, y) = (Fn, Fn−1) with n ≥ 2.
Proof. If (x, y) = (Fn, Fn−1), then from identity (1.7), it follows that x2− xy−y2 = ∓1. Now assume that x2− xy−y2 = ∓1
for some positive integers x and y. Then αx + y > 1 and (αx + y)(βx + y) = ∓1. This shows that αx + y is a unit in Z[α].
Then, by Theorem 1.1, αx+ y = αn for some n ≥ 2. Thus αx+ y = αFn + Fn−1, which implies that (x, y) = (Fn, Fn−1). 
Corollary 1.3. All positive integer solutions of the equation x2 − xy− y2 = 1 are given by (x, y) = (F2n+1, F2n) with n ≥ 1.
Corollary 1.4. All positive integer solutions of the equation x2 − xy− y2 = −1 are given by (x, y) = (F2n, F2n−1) with n ≥ 1.
Theorem 1.5. All positive integer solutions of the equation x2 − 3xy+ y2 = 1 are given by (x, y) = (F2n+2, F2n) with n ≥ 1.
Proof. Assume that x2 − 3xy+ y2 = 1 for some positive integers x and y. Without loss of generality we may suppose that
x > y. Then (x−y)2−y(x−y)−y2 = x2−3xy+y2 = 1 and therefore (x−y, y) = (F2n+1, F2n)with n ≥ 1, by Corollary 1.3.
That is, x − y = F2n+1 and y = F2n. This implies that x = F2n+1 + y = F2n+1 + F2n = F2n+2. Therefore (x, y) = (F2n+2, F2n)
with n ≥ 1. Conversely, if (x, y) = (F2n+2, F2n), then using the identity F2n+2 = F2n + F2n−1 and identity (1.7) one can show
that x2 − 3xy+ y2 = 1. 
The proof of the following theorem is similar and therefore we omit it.
Theorem 1.6. All positive integer solutions of the equation x2−3xy+y2 = −1 are given by (x, y) = (F2n+1, F2n−1)with n ≥ 0.
2. Main theorems
In this section we consider Eqs. (1.2)–(1.4), and other similar equations. Now we give the following theorem (see [1] for
another proof).
Theorem 2.1. If positive integers x, y, k satisfy Eq. (1.2) or (1.3), then x = u2 and y = uv for some positive integers u and v.
Proof. Assume that positive integers x, y, k satisfy Eq. (1.2). Then it follows that x|y2 and therefore y2 = xz for some positive
integer z. Assume that p|x and p|z for some prime number p. Then p|y and from (1.2), it is seen that x− ky+ z∓ 1 = 0. This
implies that p|1, which is a contradiction. Therefore gcd (x, z) = 1. This shows that x = u2 and z = v2 for some positive
integers u and v. Then y2 = xz = u2v2 = (uv)2 and therefore y = uv. 
Theorem 2.2. All positive integer solutions of the equation x2 − 3xy+ y2 + x = 0 are given by (x, y) = (F 22n+1, F2n+1F2n−1) or
(x, y) = (F 22n−1, F2n−1F2n+1) with n ≥ 0.
Proof. Assume that x2 − 3xy+ y2 + x = 0 for some positive integers x and y. Then by Theorem 2.1, x = u2 and y = uv for
some positive integers u and v. Then it follows that u4−3u3v+u2v2+u2 = 0, which implies that u2−3uv+v2+1 = 0. That
is, u2 − 3uv + v2 = −1. By Theorem 1.6, it follows that (u, v) = (F2n+1, F2n−1) or (u, v) = (F2n−1, F2n+1) with n ≥ 0. This
shows that (x, y) = (F 22n+1, F2n+1F2n−1) or (x, y) = (F 22n−1, F2n−1F2n+1)with n ≥ 0. Conversely, if (x, y) = (F 22n+1, F2n+1F2n−1)
or (x, y) = (F 22n−1, F2n−1F2n+1)with n ≥ 0, then from Theorem 1.6, it follows that x2 − 3xy+ y2 + x = 0. 
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Now we can give the following theorem and corollary. Since their proofs are similar, we omit them.
Theorem 2.3. All positive integer solutions of the equation x2 − 3xy + y2 − x = 0 are given by (x, y) = (F 22n, F2nF2n+2) or
(x, y) = (F 22n+2, F2n+2F2n) with n ≥ 1.
Corollary 2.4. All positive integer solutions of the equation x2 − xy − y2 + x = 0 are given by (x, y) = (F 22n, F2nF2n−1) with
n ≥ 1.
Corollary 2.5. All positive integer solutions of the equation x2 − xy − y2 − x = 0 are given by (x, y) = (F 22n+1, F2n+1F2n) with
n ≥ 1.
The proof of the following theorem is similar to the proof of Theorem 2.1 and therefore we omit it.
Theorem 2.6. If positive integers x, y, k satisfy the equation
x2 − kxy− y2 ∓ y = 0,
then y = u2 and x = uv for some positive integers u and v.
Corollary 2.7. All positive integer solutions of the equation x2 − xy − y2 + y = 0 are given by (x, y) = (F2nF2n−1, F 22n−1) with
n ≥ 1.
Proof. Assume that x2 − xy − y2 + y = 0 for some positive integers x and y. Then by Theorem 2.6, y = u2 and x = uv
for some positive integers u and v. This shows that u2v2 − u3v − u4 + u2 = 0, which implies that v2 − vu − u2 + 1 = 0.
Therefore by Corollary 1.4, (v, u) = (F2n, F2n−1) for some n ≥ 1. Thus (x, y) = (uv, u2) = (F2nF2n−1, F 22n−1) with n ≥ 1.
Conversely, if (x, y) = (F2nF2n−1, F 22n−1), then by Corollary 1.4, it follows that x2 − xy− y2 + y = 0. 
Corollary 2.8. All positive integer solutions of the equation x2 − xy − y2 − y = 0 are given by (x, y) = (F2n+1F2n, F 22n+1) with
n ≥ 1.
Now we investigate all positive integer solutions of the equation x2 − xy− y2 ∓ 5x = 0. It is clear that (x, y) = (1, 2) is
a solution of the equation x2 − xy − y2 + 5x = 0 and (x, y) = (9, 3) is a solution of the equation x2 − xy − y2 − 5x = 0.
Before discussing the solutions of these equations we introduce Lucas sequence {Ln}. The Lucas sequence {Ln} is defined as
Ln = Fn−1 + Fn+1 for every n ∈ Z. It can be seen that Ln = Ln−1 + Ln−2 and Ln−1 + Ln+1 = 5Fn for every n ∈ Z. Moreover, it
is well known that
L2n − LnLn−1 − L2n−1 = 5(−1)n (2.1)
for every n ∈ Z (see [3]). We now give some well known theorems whose proofs are easy and can be found in [3].
Theorem 2.9. All positive integer solutions of the equation x2 − xy− y2 = 5 are given by (x, y) = (L2n, L2n−1) with n ≥ 1.
Theorem 2.10. All positive integer solutions of the equation x2 − xy− y2 = −5 are given by (x, y) = (L2n+1, L2n) with n ≥ 0.
The proof of the following corollaries are similar to that of Theorem 1.5.
Corollary 2.11. All positive integer solutions of the equation x2− 3xy+ y2 = 5 are given by (x, y) = (L2n+1, L2n−1)with n ≥ 1.
Corollary 2.12. All positive integer solutions of the equation x2− 3xy+ y2 = −5 are given by (x, y) = (L2n+2, L2n)with n ≥ 0.
The proof of the following theorem is easy and we omit it.
Theorem 2.13. If positive integers x, y, k and the integer m with gcd (x,m) = 1, satisfy the equation
x2 − kxy∓ y2 ∓mx = 0,
then x = u2 and y = uv for some positive integers u and v. If positive integers x, y, k and the integer m with gcd (y,m) = 1,
satisfy the equation
x2 − kxy− y2 ∓my = 0,
then y = u2 and x = uv for some positive integers u and v.
Theorem 2.14. All positive integer solutions of the equation x2− xy− y2+ 5x = 0 are given by (x, y) = (5F 22n, 5F2nF2n−1)with
n ≥ 1 or (x, y) = (L22n+1, L2n+1L2n) with n ≥ 0.
Proof. Assume that x2 − xy − y2 + 5x = 0 for some positive integers x and y. If 5|x, then x = 5a and y = 5b for some
positive integers a and b. Then a2 − ab − b2 + a = 0. Thus by Corollary 2.4, (a, b) = (F 22n, F2nF2n−1) for some n ≥ 1. This
shows that (x, y) = (5F 22n, 5F2nF2n−1) with n ≥ 1. Now assume that 5 - x. Then by Theorem 2.13, x = u2 and y = uv for
some positive integers u and v. Since x2− xy− y2+ 5x = 0, it follows that u2− uv− v2+ 5 = 0. Then by Theorem 2.10, we
get (u, v) = (L2n+1, L2n) for some n ≥ 0. This implies that (x, y) = (L22n+1, L2n+1L2n). Conversely if (x, y) = (5F 22n, 5F2nF2n−1)
or (x, y) = (L22n+1, L2n+1L2n), then by Corollary 2.4 or Theorem 2.10, we get x2 − xy− y2 + 5x = 0. 
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The following theorem and corollaries can be given easily.
Theorem 2.15. All positive integer solutions of the equation x2 − xy − y2 − 5x = 0 are given by (x, y) = (5F 22n+1, 5F2n+1F2n)
with n ≥ 1 or (x, y) = (L22n, L2nL2n−1) with n ≥ 1.
Corollary 2.16. All positive integer solutions of the equation x2 − xy− y2 + 5y = 0 are given by (x, y) = (5F2nF2n−1, 5F 22n−1)
with n ≥ 1 or (x, y) = (L2nL2n+1, L22n+1) with n ≥ 0.
Corollary 2.17. All positive integer solutions of the equation x2 − xy− y2 − 5y = 0 are given by (x, y) = (5F2n+1F2n, 5F 22n) or
(x, y) = (L2nL2n−1, L22n−1) with n ≥ 1.
Theorem 2.18. All positive integer solutions of the equation x2−3xy+y2+5x = 0 are given by (x, y) = (5F 22n+1, 5F2n+1F2n−1)
with n ≥ 1 or (x, y) = (5F 22n−1, 5F2n−1F2n+1) with n ≥ 1 or (x, y) = (L22n+2, L2n+2L2n) with n ≥ 0 or (x, y) = (L22n, L2nL2n+2)
with n ≥ 0.
Theorem 2.19. All positive integer solutions of the equation x2 − 3xy+ y2 − 5x = 0 are given by (x, y) = (5F 22n+2, 5F2n+2F2n)
with n ≥ 1 or (x, y) = (5F 22n, 5F2nF2n+2)with n ≥ 1 or (x, y) = (L22n+1, L2n+1L2n−1)with n ≥ 1 or (x, y) = (L22n−1, L2n−1L2n+1)
with n ≥ 1.
3. Positive integer solutions of the Diophantine equations x2 − kxy + y2 ∓ x = 0 and x2 − kxy − y2 ∓ x = 0
In this section, we consider Diophantine equations x2 − kxy+ y2 ∓ x = 0 and x2 − kxy− y2 ∓ x = 0. Before discussing
these equations we introduce two kinds of generalized Fibonacci sequences {Un} and {un}. For more information about
generalized Fibonacci sequences one can consult [5–7]. The generalized Fibonacci sequence {Un}with parameter k, is defined
by U0 = 0,U1 = 1 and Un = kUn−1 + Un−2 for n ≥ 2, where k ≥ 1, is an integer. Also, U−n = (−1)n+1Un for all n ∈ N.
Moreover, the generalized Fibonacci sequence {un} with parameter k, is defined by u0 = 0, u1 = 1 and un = kun−1 − un−2
for n ≥ 2 where k ≥ 3, is an integer. Also u−n = −un for all n ∈ N. When k = 1, we get Un = Fn.
The characteristic equation of the recurrence relation of the sequence {Un} is x2−kx−1 = 0 and the roots of this equation
are α =

k+√k2 + 4

/2 and α = β =

k−√k2 + 4

/2. It is clear that αβ = −1, α2 = kα + 1, and α + β = k. Let
Z [α] = {aα + b : a, b ∈ Z}. Then it can be seen that Z [α] is a subring of the algebraic integer ring of the real quadratic field
Q
√
k2 + 4

and Z [α] is equal to the algebraic integer ring of the real quadratic field Q
√
k2 + 4

when k2 + 4 is square
free.
If αx+y is a unit inZ [α], then it can be shown that−x2+kxy+y2 = (αx+ y) (αx+ y) = ±1. The proof of the following
theorem is given in [8]. But we will give its proof for the sake of completeness.
Theorem 3.1. The set of the units of Z [α] is {∓αn : n ∈ Z}.
Proof. To prove the theorem, it is sufficient to show that every unitω ≥ 1 is of the form αn for some n ≥ 0. Firstly, we show
that there is no unitω such that 1 < ω < α. Assume thatω = αx+y is a unit inZ [α] such that 1 < ω < α. Thus sinceαx+y
is a unit, −x2 + kxy + y2 = (αx+ y) (αx+ y) = ±1 and therefore |αx+ y| |αx+ y| = 1. Since |(αx+ y) (αx+ y)| = 1
and 1 < αx + y, it is seen that |αx+ y| < 1. Therefore −1 < αx + y < 1. Then it follows that 0 < x(α + α) + 2y, i.e.,
0 < kx+ 2y.
On the other hand, since −1 < −αx − y < 1 and 1 < αx + y, we see that 0 < x(α − α) =
√
k2 + 4

x. Therefore
x > 0. Since 1 < αx + y < α, y < α − αx = α(1 − x) ≤ 0. That is, y < 0. Moreover, since kxy + y2 = ∓1 + x2 ≥ 0, it
follows that y (kx+ y) ≥ 0. Then we get kx+ y ≤ 0, since y < 0. The fact that 0 < kx+ 2y, kx+ y ≤ 0, and y < 0 give us a
contradiction.
Now let ω > 1 be a unit and ω ≠ α. If ω ≠ αn for every integer n ≥ 2, then it follows that αm < ω < αm+1 for some
m ∈ N with m ≥ 2. Thus 1 < ω/αm < α and ω/αm is a unit in Z [α]. But this is impossible. Therefore ω = αn for some
n ≥ 2. This shows that if ω ≥ 1 is any unit, then ω = αn for some n ≥ 0. 
It can be shown easily that
αn = αUn + Un−1 (3.1)
and
U2n − kUnUn−1 − U2n−1 = (−1)n+1 (3.2)
for every n ∈ Z. Now we give the following theorem. From now on unless otherwise stated, we will assume that k ≥ 1, is
an integer.
The proof of the following theorem is given in [9,10,8]. We will give its proof.
Theorem 3.2. All positive integer solutions of the equation x2 − kxy− y2 = ∓1 are given by (x, y) = (Un,Un−1) with n ≥ 2.
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Proof. If (x, y) = (Un,Un−1), then by identity (3.2), it follows that x2 − kxy − y2 = ∓1. Assume that x2 − kxy − y2 = ∓1
for some positive integers x and y. Then (αx+ y)(βx+ y) = ∓1 and therefore αx+ y is a unit in Z [α]. Since αx+ y > 1, by
Theorem 3.1, αx+ y = αn for some n ≥ 2. Thus αx+ y = αUn + Un−1, by identity (3.1). Therefore (x, y) = (Un,Un−1). 
Corollary 3.3. All positive integer solutions of the equation x2 − kxy− y2 = 1 are given by (x, y) = (U2n+1,U2n) with n ≥ 1.
Corollary 3.4. All positive integer solutions of the equation x2 − kxy− y2 = −1 are given by (x, y) = (U2n,U2n−1)with n ≥ 1.
Theorem 3.5. All positive integer solutions of the equation x2 − kxy − y2 + x = 0 are given by (x, y) = (U22n,U2nU2n−1) with
n ≥ 1.
Proof. Assume that x2−kxy−y2+x = 0 for somepositive integers x and y. Then by Theorem2.1, x = u2 and y = uv for some
positive integers u and v. Then it follows that u2−kuv−v2+1 = 0. Therefore by Corollary 3.4, we get (u, v) = (U2n,U2n−1)
for some n ≥ 1. This implies that (x, y) = (U22n,U2nU2n−1). Conversely, if (x, y) = (U22n,U2nU2n−1), then by identity (3.2), we
get x2 − kxy− y2 + x = 0. 
The proof of the following theorem is similar and therefore we omit it.
Theorem 3.6. All positive integer solutions of the equation x2− kxy− y2− x = 0 are given by (x, y) = (U22n+1,U2n+1U2n)with
n ≥ 1.
We can give the following corollaries easily.
Corollary 3.7. All positive integer solutions of the equation x2− kxy− y2+ y = 0 are given by (x, y) = (U2nU2n−1,U22n−1)with
n ≥ 1.
Corollary 3.8. All positive integer solutions of the equation x2 − xy− y2 − y = 0 are given by (x, y) = (U2n+1U2n,U22n+1) with
n ≥ 1.
Now we investigate positive integer solutions of the Diophantine equation x2 − kxy+ y2 ∓ x = 0.
We turn to the sequences {un}. The characteristic equation of the recurrence relation of the sequence {un} is x2−kx+1 = 0
and the roots of this equation are α =

k+√k2 − 4

/2 and α = β =

k−√k2 − 4

/2. It is clear that αβ = 1, α2 =
kα−1, and α+β = k. LetZ [α] = {aα + b : a, b ∈ Z}. Then it can be seen thatZ [α] is a subring of the algebraic integer ring
of the real quadratic fieldQ
√
k2 − 4

andZ [α] is equal to the algebraic integer ring of the real quadratic fieldQ
√
k2 − 4

when k2 − 4 is square free. It can be shown that x+ αy is a unit in Z [α] if and only if x2 + kxy+ y2 = ∓1. Now we give a
theorem, which is important for the solutions of the Diophantine equation x2 − kxy + y2 = ∓1. The proof of the theorem
can be found in [8]. But we will give its proof.
Theorem 3.9. Let k > 3. Then the set of the units of Z [α] is {∓αn : n ∈ Z}.
Proof. The proof of the theorem is similar to that of Theorem 3.1. It can be shown easily that if αx + y is a unit and
1 < αx + y < α, then x > 0 and y < 0. Firstly, we show that there is no unit αx + y such that 1 < αx + y < α. On
the contrary, assume that there exist some units αx+y such that 1 < αx+y < α. We consider the smallest positive integer
x such that 1 < αx + y < α and αx + y is a unit. Since 1 < αx + y < α, α < x + αy < 1 and α(αx + y) = x + αy
is also a unit. This shows that 1/(x + αy) is a unit in Z [α] and 1 < 1/(x + αy) < 1/α = α. Let ϵ = (x + αy)(x + αy).
Then we have ϵ = ∓1 and 1 < (x+ αy) /ϵ < α. Assume that ϵ = 1. Then 1 < x + αy < α, which implies that y > 0.
But this is a contradiction, since y < 0. Therefore ϵ = −1 and this shows that 1 < −x + α(−y) < α. Thus it follows
that x ≤ −y. Then we see that −x + αx ≤ −x − αy < α, which implies that x(α − 1) ≤ α. Since k > 3, it follows that
α =

k+√k2 − 4

/2 >

3+√5

/2 > 2 and therefore x ≤ α/(α − 1) = 1 + 1/(α − 1) < 2. Thus x = 1. Since
−1 = ϵ = (x+αy)(x+αy) = x2+ kxy+ y2, it is seen that−1 = 1+ ky+ y2 and therefore y(k+ y) = −2. This shows that
y|2 and thus y = −2 or y = −1, which implies that k = 3. This contradicts with the hypothesis. The proof of the theorem
then follows. 
Note that theorem is not correct when k = 3. In this case, α = (3+√5)/2 =

1+√5

/2
2 = 1+ 1+√5 /2 and
therefore (1+√5)/2 ∈ Z [α]. Moreover (1+√5)/2 ≠

1+√5

/2
2n = αn for every n ∈ Z.
It can be shown that
αn = αun − un−1 (3.3)
and
u2n − kunun−1 + u2n−1 = 1 (3.4)
for every n ∈ Z.
2230 R. Keskin / Computers and Mathematics with Applications 60 (2010) 2225–2230
Although the proof of the following theorem is given in [9,10,8], we will prove it.
Theorem 3.10. Let k > 3. Then all positive integer solutions of the equation x2− kxy+ y2 = 1 are given by (x, y) = (un, un−1)
with n ≥ 2.
Proof. If (x, y) = (un, un−1), then by identity (3.4), it follows that x2 − kxy+ y2 = 1. Now assume that x2 − kxy+ y2 = 1
for some positive integers x and y. Then (αx− y)(βx− y) = 1 and therefore αx− y is a unit in Z [α]. Thus by Theorem 3.9,
αx− y = ∓αn for some n ∈ Z. This shows that (x, y) = ∓(un, un−1). Since u−n = −un for n ≥ 1 and x and y are positive, it
follows that (x, y) = (un, un−1) for some n ≥ 2. 
Theorem 3.11. Let k > 3. Then the equation x2 − kxy+ y2 = −1 has no integer solutions.
Proof. Assume that x2 − kxy+ y2 = −1 for some integers x and y. Then
(αx− y)( αx− y) = −1
and therefore αx − y is a unit in Z [α]. Thus αx − y = ∓αn for some n ∈ Z. Then it follows that (x, y) = ∓(un, un−1). This
shows that
−1 = x2 − kxy+ y2 = u2n − kunun−1 + u2n−1 = 1,
which is a contradiction. 
Now we can give the following theorem easily.
Theorem 3.12. Let k > 3. Then all positive integer solutions of the equation x2 − kxy + y2 − x = 0 are given by (x, y) =
(u2n, unun−1) or (x, y) = (u2n−1, unun−1) with n ≥ 2.
Theorem 3.13. Let k > 3. Then the equation x2 − kxy+ y2 + x = 0 has no positive integer solutions.
Proof. Assume that x2 − kxy+ y2 + x = 0 for some positive integers x and y. Then by Theorem 2.1, x = u2 and y = uv for
some positive integers u and v. Thus it follows that u2 − kuv + v2 + 1 = 0, which is impossible by Theorem 3.11. 
Although the equation x2− kxy+ y2+ x = 0 has no positive integer solutions for k > 3, it has negative integer solutions
x and y. To see this, take x = −k2 and y = −k. Moreover, since the proof of the following corollary is easy, we omit it.
Corollary 3.14. Let k > 3. Then all negative integer solutions of the equation x2 − kxy + y2 + x = 0 are given by
(x, y) = (−u2n,−unun−1) or (x, y) = (−u2n−1,−unun−1) with n ≥ 2.
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